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Abstract: A computational method based on modified block pulse functions is proposed for solving numerically the linear
Volterra and Fredholm integral equations. We obtain integration operational matrix of modified block pulse functions on
interval [0,1).A modified block pulse functions and their integration operational matrix can be reduced to a linear upper
triangular system.Then, the problem under study is transformed to a system of linear algebraic equations which can be used
to obtain an approximate solution of linear Volterra and Fredholm integral equations.Furthermore, the rate of convergence
is O(h) and error analysis of the proposed method are investigated. The results show that the approximate solutions have a

good of efficiency and accuracy.
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Introduction

Linear integral equations and their solutions are
great importance in the fields of science and
engineering. Most physical problems, such as
biological applications in population dynamics and
genetics, where impulses occur naturally or are
caused by controls, can be modeled by an integral
equation [7]. The linear Volterra and Fredholm
integral equations each appear in the following
form, respectively

fO) =g@) + [y kG f)dy,x €l =[01), (1)

and

f) =g+ [JkGfD)dy,  x€L (2
where f(x) is an unknown function, g(x) and
k(x,y) are analytical function on I and IXxI,
respectively.

Approximation theory is how functions can be
approximated with simpler functions called base
functions and with quantitatively characterizing
the errors. One of these base functions is Block

Pulse Functions (BPFs). BPFs are very common in
use and it seems their convergence is weak [3]. In
fact by
approximation for achieving double precision,
number of BPFs have to be doubled which means
of equations with double
unknowns and double equations [6].

In recent years, different orthogonal basic

referring to error bound of BPFs

solving  systems

functions or polynomials such as block pulse
functions, Walsh functions, Fourier
orthonormal bases, Legendre polynomials,
Chebyshev polynomials, Laguerre polynomials
and wavelets, were used to estimate solutions of

series,

some systems such as integral equations [2, 4]. In
this study, the £ Modified Block Pulse Functions
(eMBPFs) were introduced and several theorems
proved for the eMBPFs method which showed that
the results of this numerical extension were more
accurate than the results of the block pulse
extension. These functions are disjoint, orthogonal,
and complete. According to the disjointness of
eMBPFs, the compound form will disappear at
each subinterval when multiplication, division, and
some other operations are applied. The
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orthogonality of eMBPFs will cause the operational
sparse matrix. The
completeness of the eéeMBPFs guarantees that an
arbitrary small mean square error can be obtained
for a finite real function having only a finite
number of discontinuous points in the interval x €
[0,1) by increasing the number of patterns in the
modified block pulse series.

We use eMBPFs and directly solve linear
Volterra and Fredholm integral equations and by
some examples to show the efficiency of eMBPFs.

matrix to become a

Materials and Methods

A set of € modified block pulse functions ¥;(t),i =
0,1, ...,m on the interval [0, T) are defined as

_(1 te[0,h—¢) =],
ho(t) = {O otherwise,
(1 telih—¢(+1Dh—-¢e)=1,
i) = {0 otherwise,

fori=1,2,..,m—1,and

1 te[T—¢6T)=1
t — ) m»
Ym(6) {0 otherwise.

with a positive integer value for m and h = z
m

Similar to BPFs, the important properties of
eMBPFs are as follows
¢ Disjointness:

v, =

wherei,j =0, ...,m.
e Orthogonality:
T

i=],
i+,

[ wi@w;@ de = hey,
0

where i,j=1,..,m—1 and Sij is Kronecker
delta.
e Completeness:

T )
[ P@d=Y o
i=0
where i

fi = 5a5 o FOW@ dt, 3)

and A(I;)is length of interval I;.
Rewriting Eq. (3) in the vector form we have
m

O =) fapi() = FT¥() = WT©OF,
i=0

in which
F= (f0f1 fm)T'
and
W) = (Yo O - Pm(®) . 4)

Moreover, any two dimensional function k(s,t) €
L?([0,Ty) x[0,T,)) can be expanded with respect to
eMBPFs such as

k(s,t) = PT()KW(t) = YT()KTW(s),

where W(s) and W(t) are m; and m, dimensional
eMBPFs vectors respectively, and K = (k;;),i =
01,..,my,j=0,1,..,m, is the m; X mye modified
block pulse coefficient matrix with

T, T,

1
kij = mof Of k(s, t) W;(s)W;(t) dtds,

For convenience, we put m; = m, = m.

With defining W41 () = Wo(O)P1 (D). Yr(D)',
we have

W1 (W1 (O
Yo(t) 0O 0
0 Py (t) - 0
0 0 Um0/ (mi1yxme1)
Furthermore,

Y1 (O =1,

and
W1 (t)qj17rwz+1 (OF = DpWii1 ®),

where Dy usually denotes a diagonal matrix whose
diagonal entries are related to a constant vector

F=(foft - fm)T-
Similar to BPFs,

t
flpm+1(s) ds = QW41 (0),
0

where the integration operational matrix Q of

eMBPFs is given by
h—e¢ b B
5 € €
h
0=| © R

: I

)

—
(=T
S

N| m

(m+1)x(m+1)
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So, the integral of every function f(t) can be

approximated as follows
t

t
f f(s)ds = f FTW,041(5) ds = FTQWppy1(0).
0

0

Results and Discussion

Volterra Integral Equations
We approximate functionsf(t), g(t), and k(s, t) in
Eq. (1) with eMBPFs as follows
f(t) = FTW(t),
g(t) = GTY(1), )
k(s,t) = WT(s)K¥(t),

Y(t) is defined by (4), F, G, and K are eMBPFs
coefficients of f(t), g(t), and k(s,t), respectively.
By substituting Eq. (5) in Eq. (1), we get

FTW(t) = GTW(t) + FT ([ ()W (s) ds) KW (©). (6)

Let K! be the ith row of the constant matrix K and
R be the ith row of the integration operational
matrix Q, Dy be a diagonal matrix with K as its
diagonal entries. Assuming m; = m,, we have

t
(f Y(s)WPT(s) ds)K‘P(t)
Rw® 0 0 [k
0 RW(t) - 0 K1 0
0 0 . Rmw(e)llgm
[ ROW()KOW(t)
RYW(HK'W(t)

| Rmw (O K™ (6)
[ ROW (YT (£)KO" ]
_ [ R'WOWT ()K" |

RMY(OWT (K™ ]
RODKO ]
1 1
= BY(t), (7)
where
[koo (*5°)  2kor(h =)

p=| © ks (3)

Lo 0 k]

. 2kom(h—€)]

2k (R) . (8)

(m+1)x(m+1)

With substituting relations (7) and (8) in (6)
FTY(t) = GTY(t) + FTBY(¢).
Then,
FT(I-=B) ~GT.
So, by setting W = (I — B)T and replacing = by =,
we will have
WF =G.

Which is a linear system of equations with upper
triangular coefficients matrix that gives the
approximate modified block pulse coefficients of
the unknown f(t).

Fredholm Integral Equations
We approximate functionsf(x), g(x), and k(x,y) in
Eq. (2) with eMBPFs as follows
f(x) = FTW(b),
g(t) = G"¥(), 9)
k(s,t) = WT(s)K¥(b),

W(t) is defined by (4), F, G, and K are eMBPFs
coefficients of f(t), g(t), and k(s,t), respectively.
By substituting Eq. (9) in Eq. (2), we get

FTW(t) = GTW(t) + FT ( [ W)W (s) ds) K¥(t),(10)

Assuming m; =m, and using the relation
fol Y(s)¥T(s) ds = hIwe have

1
( J Y(s)WT(s) ds) K¥(t) = hIK¥Y(t)
0
=TY¥(b), (11)

where T = hK. With substituting (11) in (10)
FTW(t) = GTY(t) + FTTY(1).
Then,
FT(I-T)=G".
So, by setting Z = (I — T)" and replacing = by =,
we will have
ZF = G.
Which is a linear system of equations with upper
triangular coefficients matrix that gives the
approximate modified block pulse coefficients of
the unknown f(t).

Error Analysis
In the following theorems, for simplicity we
assumeT = 1and h =i.
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Theorem 1If f,(t) = and f;=

sl FO Y@L =0,..
i. 8=[(f()-xr oflt/n(t)) dt,
minimum value.
ii. { fn (t)} approaches f(t) pointwise.
iii. [} F20) dt = $20 f2 1]l

izo fi i)

,m then:

achieves  its

[Proof]. Proof is like similar theorem in [1] but
intervals of integration have to redefine as I;,i =
0,..,min(3.1). m

Theorem 2. Assume:

i.  f(t)is continuous and differentiable in [—h, 1 + h]
with bounded derivative, that is |f'(t)| < M.

ii. fi_h(t),i =0,..,k —1, are correspondingly BPFS,E

“ (k 1)h

MBPFs ... MBPFs expansions of f(t) base
onm+ 1£MBPFs over interval [0,1).

i, f(0) = 1245 fu(®).
Then

[r© - fu|| = 0w,
and

lF® - F®l =0 (3) inlh1-h.
[Proof]. Trapezoidal rule for integral is
b

(b—a)f" ()

b —
[r@ae =22 (@ + ro) - ==

b—a
=——(f@+fW)+E (12
where 7 € [a,b] and E is error of integration.
ti = # =ih and Ii = [ti—l’ti]' The

representation error when f(t) is represented by a

Suppose

series of BPFs over every subinterval [ti, t; + %], i=
0,..,m—1is
e =f®) = fahi(©) = FO) - fi,

where f; = f(lﬂ)hf(t) dt. From (12),

= E(f(ti) +ft;+h)+E.
It is obvious that if f(t) = C (constant), then ¢;(t) =
0. So, this error is computed for f(t) = t in interval
[ti,ti +%],i =1,..,m—1.
For this function E = 0, so

ei(t)[ti’ti_,_%] = |t — fil

<

Then this error with BPFs is - . M .

Similarly, the error when f(t) is represented in
a series of eMBPFs over every subinterval [tl-, t; +

e
e; (t)[tbt N t— 2% (tL _ (]72)1: Lis1 (f)) ‘
(e () ovn-(2)
- 2k
hy (k—Dh| h
ety

So, the error with eMBPFs is % M

For I, in [0,%] we have

i

“Olog) =

So, the error is O (E also for I,.
4
Now,

h
ti+;

f e, (0)]2 dt

lle;(OII?
ti+ﬁ

hZ
2
t;
h3
— 2
4k M

lell? = er(o dt

0

k-1

1/m
=Of z e;(t) | dt

i=1j=0
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We define the representation error between
f(s,t) and its 2D-eMBPFs expansion f;; over every
is defined as
el](s t)=f(s,t) — fljr
where Dy ={(s,) [t Ss<t;+7.6 <t <t +5).
With Taylor’s expansion and 51m11arity to the
above discussion,

subregion D;;,

h
lleCs, Ol = 7M. "

Theorem 3. Assume that

i. Pwe:|u(wt)]<C) =1
i. |kl <Ci=12
Then
_ 1 h
sup(E(l(u — DDz =0(3), telh1—h]
0<t<T
[Proof]. For a complete proof see [5]. [ |

Numerical Examples
Example 1. Consider the following linear Volterra
integral equation,

t
f(@) =5t3—¢° +f sf(s)ds,
0

where s,t € [0,1). The exact solution is f(t) = 5t3.

The exact and approximation solution are shown in
Table 1. The curves in Fig. 1 represents a trajectory
of the exact and approximation solution computed
by the presented method.

rd
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t

Figure 1. The trajectory of the exact and approximation solution of
example 1.

Table 1. The exact and approximate solution of Example 1 for m =
65.

t Exact Approximation
0 0 0.000001112
0.1 0.005 0.00757
0.2 0.04 0.04811
0.3 0.135 0.1505
04 0.32 0.3433
0.5 0.625 0.6545
0.6 1.08 1.114
0.7 1.715 1.75
0.8 2.56 2.59
0.9 3.645 3.665
1 5 4.942

Example 2. Consider the following linear Fredholm
integral equation,

4
f)=t+et ——+f sf(s)ds,
where t € [0,1). The exact solution is f(t) =t + et.

The exact and approximation solution are shown in
Table 2. The curves in Fig. 2 represents a trajectory
of the exact and approximation solution computed
by the presented method.
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Figure 2. The trajectory of the exact and approximation solution of

example 2.

Table 2. The exact and approximatesolution of Example 2 for m =
65.

t Exact Approximation
0 1 1.064
0.1 1.205171 1.291
0.2 1.421403 1.505
0.3 1.649859 1.732
0.4 1.891825 1.972
0.5 2.148721 2.226
0.6 2422119 2.496
0.7 2.713753 2.784
0.8 3.025541 3.092
0.9 3.359603 3.422
1 3.718282 3.761
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Conclusions

The eMBPFs and their integration operational
matrix are used to obtain the solution of linear
Volterra and Fredholm integral equations. The
present method reduces a linear Volterra and
Fredholm integral equations into a system of
algebraic equations. The matrices Q@ have many
zeros and the method is computationally very
attractive. Its applicability and accuracy of the
proposed method was checked on some examples.
The results show that the approximate solutions of
the proposed method have a good of efficiency and
accuracy.
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