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Abstract: A computational method based on modified block pulse functions is proposed for solving numerically the linear 

Volterra and Fredholm integral equations. We obtain integration operational matrix of modified block pulse functions on 

interval [0,1).A modified block pulse functions and their integration operational matrix can be reduced to a linear upper 

triangular system.Then, the problem under study is transformed to a system of linear algebraic equations which can be used 

to obtain an approximate solution of  linear Volterra and Fredholm integral equations.Furthermore, the rate of convergence 

is 𝒪(ℎ) and error analysis of the proposed method are investigated. The results show that the approximate solutions have a 

good of efficiency and accuracy. 
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Introduction 
 

Linear integral equations and their solutions are 

great importance in the fields of science and 

engineering. Most physical problems, such as 

biological applications in population dynamics and 

genetics, where impulses occur naturally or are 

caused by controls, can be modeled by an integral 

equation [7]. The linear Volterra and Fredholm 

integral equations each appear in the following 

form, respectively 

 

𝑓(𝑥) = 𝑔(𝑥) + ∫ 𝑘(𝑥, 𝑦)𝑓(𝑦)
𝑥

0
𝑑𝑦, 𝑥 ∈ 𝐼 = [0,1), (1) 

 

and 

𝑓(𝑥) = 𝑔(𝑥) + ∫ 𝑘(𝑥, 𝑦)𝑓(𝑦)
1

0
𝑑𝑦,          𝑥 ∈ 𝐼,    (2) 

 

where 𝑓(𝑥) is an unknown function, 𝑔(𝑥) and 

𝑘(𝑥, 𝑦) are analytical function on 𝐼 and 𝐼 × 𝐼, 

respectively. 

Approximation theory is how functions can be 

approximated with simpler functions called base 

functions and with quantitatively characterizing 

the errors. One of these base functions is Block 

Pulse Functions (BPFs). BPFs are very common in 

use and it seems their convergence is weak [3]. In 

fact by referring to error bound of BPFs 

approximation for achieving double precision, 

number of BPFs have to be doubled which means 

solving systems of equations with double 

unknowns and double equations [6]. 

In recent years, different orthogonal basic 

functions or polynomials such as block pulse 

functions, Walsh functions, Fourier series, 

orthonormal bases, Legendre polynomials, 

Chebyshev polynomials, Laguerre polynomials 

and wavelets, were used to estimate solutions of 

some systems such as integral equations [2, 4]. In 

this study, the ε Modified Block Pulse Functions 

(εMBPFs) were introduced and several theorems 

proved for the εMBPFs method which showed that 

the results of this numerical extension were more 

accurate than the results of the block pulse 

extension. These functions are disjoint, orthogonal, 

and complete. According to the disjointness of 

εMBPFs, the compound form will disappear at 

each subinterval when multiplication, division, and 

some other operations are applied. The 
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orthogonality of εMBPFs will cause the operational 

matrix to become a sparse matrix. The 

completeness of the εMBPFs guarantees that an 

arbitrary small mean square error can be obtained 

for a finite real function having only a finite 

number of discontinuous points in the interval 𝑥 ∈

[0,1) by increasing the number of patterns in the 

modified block pulse series. 

We use εMBPFs and directly solve linear 

Volterra and Fredholm integral equations and by 

some examples to show the efficiency of εMBPFs. 

 

 

Materials and Methods 

 

A set of 𝜀 modified block pulse functions 𝜓𝑖(𝑡), 𝑖 =

0,1,… ,𝑚 on the interval [0, 𝑇) are defined as 

𝜓0(𝑡) = {
1 𝑡 ∈ [0, ℎ − 𝜀) = 𝐼0,
0 otherwise,               

 

𝜓𝑖(𝑡) = {
1 𝑡 ∈ [𝑖ℎ − 𝜀, (𝑖 + 1)ℎ − 𝜀) = 𝐼𝑖,
0 otherwise,                                     

 

for 𝑖 = 1, 2, … ,𝑚 − 1, and 

𝜓𝑚(𝑡) = {
1 𝑡 ∈ [𝑇 − 𝜀, 𝑇) = 𝐼𝑚,
0 otherwise.                

 

 

with a positive integer value for 𝑚 and ℎ =
𝑇

𝑚
. 

Similar to BPFs, the important properties of 

𝜀MBPFs are as follows 

 Disjointness: 

𝜓𝑖(𝑡)𝜓𝑗(𝑡) = {
𝜓𝑖(𝑡) 𝑖 = 𝑗,
0         𝑖 ≠ 𝑗,

 

where 𝑖, 𝑗 = 0,… ,𝑚. 

 Orthogonality: 

∫ 𝜓𝑖(𝑡)𝜓𝑗(𝑡)

𝑇

0

𝑑𝑡 = ℎ𝛿𝑖𝑗, 

where 𝑖, 𝑗 = 1,… ,𝑚 − 1 and 𝛿𝑖𝑗 is Kronecker 

delta. 

 Completeness: 

∫𝑓2(𝑡)

𝑇

0

𝑑𝑡 = ∑𝑓𝑖
2‖𝜓𝑖(𝑡)‖

2

∞

𝑖=0

, 

where 

𝑓𝑖 =
1

∆(𝐼𝑖)
∫ 𝑓(𝑡)𝜓𝑖(𝑡)

𝑇

0
𝑑𝑡, (3) 

 

and ∆(𝐼𝑖)is length of interval 𝐼𝑖. 

Rewriting Eq. (3) in the vector form we have 

𝑓(𝑡) ≃ ∑𝑓𝑖𝜓𝑖(𝑡)

𝑚

𝑖=0

= 𝐹𝑇Ψ(𝑡) = Ψ𝑇(𝑡)𝐹, 

in which 

𝐹 = (𝑓0𝑓1  …  𝑓𝑚)𝑇, 

and 

 Ψ(𝑡) = (𝜓0(𝑡)𝜓1(𝑡) …  𝜓𝑚(𝑡))
𝑇
.  (4) 

 

Moreover, any two dimensional function 𝑘(𝑠, 𝑡) ∈

𝐿2([0, 𝑇1) ×[0, 𝑇2)) can be expanded with respect to 

𝜀MBPFs such as 

 
𝑘(𝑠, 𝑡) = Ψ𝑇(𝑠)𝐾Ψ(𝑡) = Ψ𝑇(𝑡)𝐾𝑇Ψ(𝑠), 

 

where Ψ(𝑠) and Ψ(𝑡) are 𝑚1 and 𝑚2 dimensional 

𝜀MBPFs vectors respectively, and 𝐾 = (𝑘𝑖𝑗), 𝑖 =

0,1,… ,𝑚1, 𝑗 = 0,1,… ,𝑚2 is the 𝑚1 × 𝑚2𝜀 modified 

block pulse coefficient matrix with 

𝑘𝑖𝑗 =
1

∆(𝐼𝑖)∆(𝐼𝑗)
∫ ∫ 𝑘(𝑠, 𝑡)

𝑇2

0

Ψ𝑖(𝑠)Ψ𝑗(𝑡)

𝑇1

0

𝑑𝑡𝑑𝑠, 

For convenience, we put 𝑚1 = 𝑚2 = 𝑚. 

With defining Ψ𝑚+1(𝑡) = (𝜓0(𝑡)𝜓1(𝑡)…  𝜓𝑚(𝑡))
𝑇
, 

we have 

 
Ψ𝑚+1(𝑡)Ψ𝑚+1

𝑇 (𝑡)

= (

𝜓0(𝑡) 0     

     0 𝜓1(𝑡)

⋯ 
⋯

0
0

⋮            ⋮ ⋱ ⋮
0           0 ⋯ 𝜓𝑚(𝑡)

)

(𝑚+1)×(𝑚+1)

. 

 

Furthermore, 
Ψ𝑚+1

𝑇 (𝑡)Ψ𝑚+1(𝑡) = 1, 
 

and 
Ψ𝑚+1(𝑡)Ψ𝑚+1

𝑇 (𝑡)𝐹 = 𝐷𝐹Ψ𝑚+1(𝑡), 

 

where 𝐷𝐹 usually denotes a diagonal matrix whose 

diagonal entries are related to a constant vector 

𝐹 = (𝑓0𝑓1  …  𝑓𝑚)𝑇. 

Similar to BPFs, 

∫Ψ𝑚+1(𝑠)

𝑡

0

𝑑𝑠 ≃ 𝑄Ψ𝑚+1(𝑡), 

where the integration operational matrix 𝑄 of 

𝜀MBPFs is given by 

𝑄 =

(

 
 
 
 

ℎ − 𝜀

2
ℎ − 𝜀 ⋯ ℎ − 𝜀

0
ℎ

2
⋯ ℎ

⋮ ⋮ ⋱ ⋮

0 0 ⋯
𝜀

2 )

 
 
 
 

(𝑚+1)×(𝑚+1)

. 
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So, the integral of every function 𝑓(𝑡) can be 

approximated as follows 

∫𝑓(𝑠)

𝑡

0

𝑑𝑠 ≃ ∫𝐹𝑇Ψ𝑚+1(𝑠)

𝑡

0

𝑑𝑠 ≃ 𝐹𝑇𝑄Ψ𝑚+1(𝑡). 

 

 

Results and Discussion 

 

Volterra Integral Equations 

We approximate functions𝑓(𝑡), 𝑔(𝑡), and 𝑘(𝑠, 𝑡) in 

Eq. (1) with 𝜀MBPFs as follows 
𝑓(𝑡) ≃ 𝐹𝑇Ψ(𝑡),     

 𝑔(𝑡) ≃ 𝐺𝑇Ψ(𝑡),  (5) 
𝑘(𝑠, 𝑡) ≃ Ψ𝑇(𝑠)𝐾Ψ(𝑡), 

 

Ψ(𝑡) is defined by (4), 𝐹, 𝐺, and 𝐾 are 𝜀MBPFs 

coefficients of 𝑓(𝑡), 𝑔(𝑡), and 𝑘(𝑠, 𝑡), respectively. 

By substituting Eq. (5) in Eq. (1), we get 

 

𝐹𝑇Ψ(𝑡) = 𝐺𝑇Ψ(𝑡) + 𝐹𝑇 (∫ Ψ(𝑠)Ψ𝑇(𝑠)
𝑡

0
𝑑𝑠)𝐾Ψ(𝑡). (6) 

 

Let 𝐾𝑖 be the 𝑖th row of the constant matrix 𝐾 and 

𝑅𝑖 be the 𝑖th row of the integration operational 

matrix 𝑄, 𝐷𝐾𝑖 be a diagonal matrix with 𝐾𝑖 as its 

diagonal entries. Assuming 𝑚1 = 𝑚2, we have 

(∫ Ψ(𝑠)Ψ𝑇(𝑠)
𝑡

0

𝑑𝑠)𝐾Ψ(𝑡)

= [

𝑅0Ψ(𝑡) 0 ⋯ 0

0 𝑅1Ψ(𝑡) ⋯ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋯ 𝑅𝑚Ψ(𝑡)

] [

𝐾0

𝐾1

⋮
𝐾𝑚

]Ψ(𝑡) 

= [

𝑅0Ψ(𝑡)𝐾0Ψ(𝑡)

𝑅1Ψ(𝑡)𝐾1Ψ(𝑡)
⋮

𝑅𝑚Ψ(𝑡)𝐾𝑚Ψ(𝑡)

] 

    =

[
 
 
 
 𝑅0Ψ(𝑡)Ψ𝑇(𝑡)𝐾0𝑇

𝑅1Ψ(𝑡)Ψ𝑇(𝑡)𝐾1𝑇

⋮

𝑅𝑚Ψ(𝑡)Ψ𝑇(𝑡)𝐾𝑚𝑇]
 
 
 
 

 

=

[
 
 
 
𝑅0𝐷𝐾0

𝑅1𝐷𝐾1

⋮
𝑅𝑚𝐷𝐾𝑚]

 
 
 
Ψ(𝑡) 

   = 𝐵Ψ(𝑡),   (7) 

where 

  𝐵 =

[
 
 
 
 
 𝑘00 (

ℎ−𝜀

2
) 2𝑘01(ℎ − 𝜀) … 2𝑘0𝑚(ℎ − 𝜀)

0 𝑘11 (
ℎ

2
) … 2𝑘1𝑚(ℎ)

⋮ ⋮ ⋱ ⋮

0 0 … 𝑘𝑚𝑚 (
𝜀

2
) ]

 
 
 
 
 

(𝑚+1)×(𝑚+1)

.  (8) 

 

With substituting relations (7) and (8) in (6) 
𝐹𝑇Ψ(𝑡) ≃ 𝐺𝑇Ψ(𝑡) + 𝐹𝑇𝐵Ψ(𝑡). 

Then, 
𝐹𝑇(𝐼 − 𝐵) ≃ 𝐺𝑇 . 

So, by setting 𝑊 = (𝐼 − 𝐵)𝑇 and replacing ≃ by =, 

we will have 
𝑊𝐹 = 𝐺. 

 

Which is a linear system of equations with upper 

triangular coefficients matrix that gives the 

approximate modified block pulse coefficients of 

the unknown 𝑓(𝑡). 

 

Fredholm Integral Equations 

We approximate functions𝑓(𝑥), 𝑔(𝑥), and 𝑘(𝑥, 𝑦) in 

Eq. (2) with 𝜀MBPFs as follows 
𝑓(𝑥) ≃ 𝐹𝑇Ψ(𝑡),    

 𝑔(𝑡) ≃ 𝐺𝑇Ψ(𝑡),  (9) 
𝑘(𝑠, 𝑡) ≃ Ψ𝑇(𝑠)𝐾Ψ(𝑡), 

 

Ψ(𝑡) is defined by (4), 𝐹, 𝐺, and 𝐾 are 𝜀MBPFs 

coefficients of 𝑓(𝑡), 𝑔(𝑡), and 𝑘(𝑠, 𝑡), respectively. 

By substituting Eq. (9) in Eq. (2), we get 

 

𝐹𝑇Ψ(𝑡) = 𝐺𝑇Ψ(𝑡) + 𝐹𝑇 (∫ Ψ(𝑠)Ψ𝑇(𝑠)
1

0
𝑑𝑠)𝐾Ψ(𝑡),(10) 

 

Assuming 𝑚1 = 𝑚2 and using the relation 

∫ Ψ(𝑠)Ψ𝑇(𝑠)
1

0
𝑑𝑠 = ℎ𝐼we have 

(∫ Ψ(𝑠)Ψ𝑇(𝑠)
1

0

𝑑𝑠)𝐾Ψ(𝑡) = ℎ𝐼𝐾Ψ(𝑡) 

  = 𝑇Ψ(𝑡), (11) 

 

where 𝑇 = ℎ𝐾. With substituting (11) in (10) 
𝐹𝑇Ψ(𝑡) ≃ 𝐺𝑇Ψ(𝑡) + 𝐹𝑇𝑇Ψ(𝑡). 

Then, 
𝐹𝑇(𝐼 − 𝑇) ≃ 𝐺𝑇. 

So, by setting 𝑍 = (𝐼 − 𝑇)𝑇 and replacing ≃ by =, 

we will have 
𝑍𝐹 = 𝐺. 

Which is a linear system of equations with upper 

triangular coefficients matrix that gives the 

approximate modified block pulse coefficients of 

the unknown 𝑓(𝑡). 

 

Error Analysis 

In the following theorems, for simplicity we 

assume 𝑇 = 1 and ℎ =
1

𝑚
 . 
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Theorem 1.If 𝑓𝑚(𝑡) = ∑ 𝑓𝑖
𝑚
𝑖=0 𝜓𝑖(𝑡) and 𝑓𝑖 =

1

∆(𝐼𝑖)
∫ 𝑓(𝑡)

1

0
𝜓𝑖(𝑡)𝑑𝑡, 𝑖 = 0, … ,𝑚 then: 

i. 𝛿 = ∫ (𝑓(𝑡) − ∑ 𝑓𝑖
𝑚
𝑖=0 𝜓𝑖(𝑡))

21

0
𝑑𝑡, achieves its 

minimum value. 

ii. {𝑓𝑚(𝑡)} approaches 𝑓(𝑡) pointwise. 

iii. ∫ 𝑓2(𝑡)
1

0
𝑑𝑡 = ∑ 𝑓𝑖

2∞
𝑖=0 ‖𝜓𝑖‖

2. 

 

[Proof]. Proof is like similar theorem in [1] but 

intervals of integration have to redefine as 𝐼𝑖, 𝑖 =

0, … ,𝑚 in (3.1). ∎ 

 

Theorem 2. Assume: 

i. 𝑓(𝑡)is continuous and differentiable in [−ℎ, 1 + ℎ] 

with bounded derivative, that is |𝑓′(𝑡)| < 𝑀. 

ii. 𝑓𝑖ℎ

𝑘

(𝑡), 𝑖 = 0,… , 𝑘 − 1, are correspondingly BPFs,
ℎ

𝑘
 

MBPFs ... , 
(𝑘−1)ℎ

𝑘
 MBPFs expansions of 𝑓(𝑡) base 

on 𝑚 + 1𝜀MBPFs over interval [0,1). 

iii. 𝑓̅(𝑡) =
1

𝑘
∑ 𝑓𝑖ℎ

𝑘

(𝑡)𝑘−1
𝑖=0 . 

Then  

‖𝑓(𝑡) − 𝑓𝑖ℎ

𝑘

(𝑡)‖ = 𝒪(ℎ), 

and 

‖𝑓(𝑡) − 𝑓̅(𝑡)‖ = 𝒪 (
ℎ

𝑘
)  in [ℎ, 1 − ℎ]. 

[Proof]. Trapezoidal rule for integral is 

∫𝑓(𝑡)

𝑏

𝑎

𝑑𝑡 =
𝑏 − 𝑎

2
(𝑓(𝑎) + 𝑓(𝑏)) −

(𝑏 − 𝑎)3𝑓′′(𝜂)

12
 

=
𝑏 − 𝑎

2
(𝑓(𝑎) + 𝑓(𝑏)) + 𝐸,        (12) 

where 𝜂 ∈ [𝑎, 𝑏] and 𝐸 is error of integration. 

Suppose 𝑡𝑖 =
𝑖

𝑚
= 𝑖ℎ and 𝐼𝑖 = [𝑡𝑖−1, 𝑡𝑖]. The 

representation error when 𝑓(𝑡) is represented by a 

series of BPFs over every subinterval [𝑡𝑖 , 𝑡𝑖 +
ℎ

𝑘
], 𝑖 =

0, … ,𝑚 − 1 is 
𝑒𝑖(𝑡) = 𝑓(𝑡) − 𝑓𝑖𝜓𝑖(𝑡) = 𝑓(𝑡) − 𝑓𝑖 , 

where 𝑓𝑖 =
1

ℎ
∫ 𝑓(𝑡)

(𝑖+1)ℎ

𝑖ℎ
𝑑𝑡. From (12), 

𝑓𝑖 =
1

2
(𝑓(𝑡𝑖) + 𝑓(𝑡𝑖 + ℎ)) + 𝐸. 

It is obvious that if 𝑓(𝑡) = 𝐶 (constant), then 𝑒𝑖(𝑡) =

0. So, this error is computed for 𝑓(𝑡) = 𝑡 in interval 

[𝑡𝑖 , 𝑡𝑖 +
ℎ

𝑘
] , 𝑖 = 1,… ,𝑚 − 1. 

For this function 𝐸 = 0, so 
𝑒𝑖(𝑡)[𝑡𝑖,𝑡𝑖+

ℎ

𝑘
]
= |𝑡 − 𝑓𝑖| 

                     = |𝑡 −
𝑡𝑖 + 𝑡𝑖+1

2
| 

                     = |𝑡 − (𝑡𝑖 +
ℎ

2
)| 

≤
ℎ

2
. 

Then this error with BPFs is 
ℎ

2
𝑀. 

 

Similarly, the error when 𝑓(𝑡) is represented in 

a series of 𝜀MBPFs over every subinterval [𝑡𝑖, 𝑡𝑖 +
ℎ

𝑘
] is 

𝑒𝑖(𝑡)[𝑡𝑖,𝑡𝑖+
ℎ

𝑘
]
   = |𝑡 − (

∑ (𝑡𝑖 − (
𝑗ℎ

𝑘
) + 𝑡𝑖+1 − (

𝑗ℎ

𝑘
))𝑘−1

𝑗=0

2𝑘
)| 

                     

= |𝑡 − (
∑ (𝑡𝑖 − (

𝑗ℎ

𝑘
) + 𝑡𝑖 + ℎ − (

𝑗ℎ

𝑘
))𝑘−1

𝑗=0

2𝑘
)| 

      = |𝑡 − (𝑡𝑖 +
ℎ

2
) −

(𝑘 − 1)ℎ

2𝑘
| ≤

ℎ

2𝑘
. 

So, the error with 𝜀MBPFs is 
ℎ

2𝑘
𝑀. 

 

For 𝐼0 in [0,
ℎ

𝑘
] we have 

𝑒𝑖(𝑡)[0,
ℎ

𝑘
]
= |𝑡 − ∑

ℎ − (
𝑗ℎ

𝑘
)

2𝑘

𝑘−1

𝑗=0

| 

          = |𝑡 − (
ℎ

2
−

(𝑘 − 1)ℎ

4𝑘
)| 

= |𝑡 − (
ℎ

4
+

ℎ

4𝑘
)| 

= 𝒪 (
ℎ

4
).                    

So, the error is 𝒪 (
ℎ

4
)also for 𝐼𝑛.  

Now, 

‖𝑒𝑖(𝑡)‖
2 = ∫ |𝑒𝑖(𝑡)|

2

𝑡𝑖+
ℎ

𝑘

𝑡𝑖

𝑑𝑡       

            = ∫
ℎ2

4𝑘2 𝑀2

𝑡𝑖+
ℎ

𝑘

𝑡𝑖

𝑑𝑡 

=
ℎ3

4𝑘3
𝑀2, 

‖𝑒‖2 = ∫𝑒2(𝑡)

1

0

𝑑𝑡       

                         = ∫(∑∑ 𝑒𝑖(𝑡)

𝑘−1

𝑗=0

𝑚

𝑖=1

)

21

0

𝑑𝑡 
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                  = ∑∑ ∫𝑒𝑖
2(𝑡)

1

0

𝑘−1

𝑗=0

𝑚

𝑖=1

𝑑𝑡 

             = ∑ ∑‖𝑒𝑖(𝑡)‖
2

𝑘−1

𝑗=0

𝑚

𝑖=1

 

        =
1

ℎ
. 𝑘.

ℎ3

4𝑘3 𝑀2 

=
ℎ2

4𝑘2 𝑀2. 

We define the representation error between 

𝑓(𝑠, 𝑡) and its 2D-𝜀MBPFs expansion 𝑓𝑖𝑗 over every 

subregion 𝐷𝑖𝑗, is defined as 
𝑒𝑖𝑗(𝑠, 𝑡) = 𝑓(𝑠, 𝑡) − 𝑓𝑖𝑗, 

where 𝐷𝑖𝑗 ≔ {(𝑠, 𝑡) |𝑡𝑖 ≤ 𝑠 ≤ 𝑡𝑖 +
ℎ

𝑘
, 𝑡𝑗 ≤ 𝑡 ≤ 𝑡𝑗 +

ℎ

𝑘
}. 

With Taylor’s expansion and similarity to the 

above discussion,  

‖𝑒(𝑠, 𝑡)‖ =
ℎ

2𝑘
𝑀.                            ∎ 

 

Theorem 3. Assume that 

i. 𝑃(𝜔 ∈ Ω ∶ ‖𝑢(𝜔, 𝑡)‖ < 𝐶) = 1. 
ii. ‖𝑘𝑖‖ < 𝐶, 𝑖 = 1,2. 

Then 

sup(𝐸(‖(𝑢 − 𝑢̅)‖)2)
1

2 = 𝒪 (
ℎ

𝑘
) ,     𝑡 ∈ [ℎ, 1 − ℎ].

0 ≤ 𝑡 ≤ 𝑇                                                                                    
 

[Proof]. For a complete proof see [5].                     ∎ 

 

Numerical Examples 

Example 1. Consider the following linear Volterra 

integral equation, 

𝑓(𝑡) = 5𝑡3 − 𝑡5 + ∫ 𝑠𝑓(𝑠)
𝑡

0

𝑑𝑠, 

where 𝑠, 𝑡 ∈ [0,1). The exact solution is 𝑓(𝑡) = 5𝑡3.  

 

The exact and approximation solution are shown in 

Table 1. The curves in Fig. 1 represents a trajectory 

of the exact and approximation solution computed 

by the presented method. 

 
Figure 1. The trajectory of the exact and approximation solution of 

example 1. 

Table 1. The exact and approximate solution of Example 1 for 𝑚 =

65. 
 

𝒕 Exact Approximation 

0 0 0.000001112 

0.1 0.005 0.00757 

0.2 0.04 0.04811 

0.3 0.135 0.1505 

0.4 0.32 0.3433 

0.5 0.625 0.6545 

0.6 1.08 1.114 

0.7 1.715 1.75 

0.8 2.56 2.59 

0.9 3.645 3.665 

1 5 4.942 

 

Example 2. Consider the following linear Fredholm 

integral equation, 

𝑓(𝑡) = 𝑡 + 𝑒𝑡 −
4

3
+ ∫ 𝑠𝑓(𝑠)

1

0

𝑑𝑠, 

where 𝑡 ∈ [0,1). The exact solution is 𝑓(𝑡) = 𝑡 + 𝑒𝑡. 

 

The exact and approximation solution are shown in 

Table 2. The curves in Fig. 2 represents a trajectory 

of the exact and approximation solution computed 

by the presented method. 

 
Figure 2. The trajectory of the exact and approximation solution of 

example 2. 

 
Table 2. The exact and approximatesolution of Example 2 for 𝑚 =

65. 
 

𝒕 Exact Approximation 

0 1 1.064 

0.1 1.205171 1.291 

0.2 1.421403 1.505 

0.3 1.649859 1.732 

0.4 1.891825 1.972 

0.5 2.148721 2.226 

0.6 2.422119 2.496 

0.7 2.713753 2.784 

0.8 3.025541 3.092 

0.9 3.359603 3.422 

1 3.718282 3.761 
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Conclusions 

 

The 𝜀MBPFs and their integration operational 

matrix are used to obtain the solution of linear 

Volterra and Fredholm integral equations. The 

present method reduces a linear Volterra and 

Fredholm integral equations into a system of 

algebraic equations. The matrices 𝑄 have many 

zeros and the method is computationally very 

attractive. Its applicability and accuracy of the 

proposed method was checked on some examples. 

The results show that the approximate solutions of 

the proposed method have a good of efficiency and 

accuracy. 
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